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PaBeHCTBO eMKOCTH H MO;],yjI5I KOH;],eHCaTOpa B 
cy64)HHCJiepoBOM npocTpancTBe 

K). B. ^BIMHeHKO 


PaBCHCTBO eMKOCTH H MO^jiH KOH^eHcaTopa HMeeT BajKHoe 3HaHeHHe b reo- 
MeTpHHecKoii xeopHH (|)yHKLi,HH. Oho nosBOJiaeT CBHsaTB TeopeTHKO-(|)yHKLi,HOHajibHbie 
H reoMexpHnecKHe CBoftcTBa MHoacecTB. koh(|)Opmhbix eMKOCTeft h mo^- 

jieli Ha njiocKOCTH paseHCTBO 6 bijio flOKasano JT. AjibcJdopcom h A. BepjinnroM b 
pa6oTe [10]. SaxcM otot pesyjibTaT 6 biji yjiyHmeH b paOoxax B. Ororjie^e [15] h 
B. Il,HMepa [20[. Xecce [16[ pacnpocTpaHHji stot peayjiBTax na p-cmkoctb h 
p-MO^jiB fljin cjiynaa, Kor^a njiacTHHBi KOH^eHcaxopa ne nepeceKaiOTCH c rpa- 
HHpeli oGjiacTH. B cjiynae eBKjiH^OBOH MexpHKH paaencTBO cmkocth h MO^yjia b 
caMBix o6mHx npeflHOjiojKeHHHx Sbijio ^OKasano B. A. IIIjibikom [9[, saxeM oto 
; i,OKa3aTejiBCTBO 6 bijio neMHoro ynpomeno b pa6oTe M. OpyKa [19]. B cjiynae 
pHMaHOBOH MexpHKH paBeHCTBO 6 bIJIO flOKa3aHO B [7]. 

<l>HHCJiepoBbi npocTpancTBa Sbijih BBe^enBi Kax o6o6meHHe pHManoBbix mho- 
roo6pa3HH na cjiynali, Kor^a MexpHKa aaBHCHT ne tojibko ot KOop^HHaT, ho h 
OT HanpaBjieHHH. PaBencTBO eMKOCTH h mo^jih KOH^encaTopa b cjaHHCjiepoBbix 
npocTpancTBax b caMbix o6hi;hx npeflnojiOHceHHHx Gbijio ycTaHOBjieno b pa6o- 
Te [8]. 

IIpocTpaHCTBa KapHO-KapaxeoflopH h cy6(]DHHCJiepoBbi npocTpancTBa ot- 
jiHHaiOTCH ot pHMaHOBbix H cjaHHCjiepoBbix npocTpancTB cootbctctbchho orpa- 
HHHeHHeM Kjiacca ;i,onycTHMbix nyTeft. C ochobhmmh BonpocaMH aHajiH3a na 
rpynnax Kapno mojkho oanaKOMHTbCH, nanpHMep, b KHHre [14]. Emkocth, mo- 
flyjIH KOH^eHCaTOpOB, a TaKHCe CBOflCTBa pa3JIHHHbIX c[)yHKH,HOHajIbHbIX KJiaCCOB 
Ha rpynnax Kapno b nocjieflnee BpeMn H3ynajiHCb rpynnon C. K. BoflonbanoBa 
(nanpHMep, [4-6]). B nacTnocTH, panencTBO cmkocth h MO,nyjiH KOH^nencaxopa 
6bijio ycTaHOBjieno H. P. MapKHHOii b paOoxe [17]. 

Cy6(J)HHCjiepoBbi npocxpancTBa naynajiHCb, nanpHMep, b pa6oTax [1-3,12, 

13]. 

npHBe.neM ocHOBHbie onpe,zi,ejieHHH h oGoananeHna. /](0Ka3aTejibCTB0 mhofhx 
HHJK enpHBeflennbix paccync,ii,eHHH mojkho HaiiTH b [14]. 

CTpaTHcjaHpnpoBaHHOH o,ii,Hopo,ii,HOH rpynnoH (hjih rpynnon Kapno) Ha3biBa- 
exca CBHBHaa 0,nH0CBH3HaH HHjibnoTeHTHaa rpynna Jin G, ajireGpa Jin KOTopon 
g pa3JiaraeTCH b npaMyio cyMMy BOKTopnbix npocxpancTB Vi © V 2 © • • • © Vm 
TaKHx, HTO [Ki,Vfc] = Vfc+i AJia k = l,2,...,m - 1 n lVi,Vm] = {0}. SAecb 
[A, y] = XY — YX — KOMMyraTop sjieMeHTOB X n Y, a [Ki, V)] — jinnennaa 
oGojiOHKa sjieMenTOB [A, Y], r^e A G Vi, A G p, j = 1,2,..., m. 

IlycTb jieBOHHBapnaHTHbie BeKTopnbie nojia An, A 12 ,..., Ai„j o6pa3yiOT 
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6 a 3 HC Vi- Onpe^ejiHM noflpaccjioeHne HT KacaTCJibHoro paccjioeHHs TG co 
cjiOHMH HTx, X G G, KOTopbie npe^CTaBjiHiOT co 6 oh jiHHeftHyio o 6 ojiOHKy bck- 
TopHbix nojieii Xii{x), X 12 , Xin-^{x). HasoBCM HT ropnaoHTajibHbiM Ka- 

caTejiBHbiM paccjioeHHeM, a ero cjioh HTx — ropnaoHTajiBHBiMH KacaTCJiBHBiMH 
npocTpancTBaMH b tohrc x £ G. 

PacniHpHM 6 a 3 HC Xu, ..., Xi^ flo 6 a 3 Hca Xij, j = 1,2,.. .ni,i = 1,2,... ,m, 
Bcefi ajire 6 pBi JIh g, r^e KajKflbiii Xij npe^CTaBjiaeT co 6 oh KOMMyiaTop j-ro no- 
pa;i,Ka HCKOTopBix BexTopoB Xij, j = 1,2,... ,ni. TaKHM o6pa30M, Ui HBjiaeTca 
pa3MepHOCTbio npocTpancTBa Vi, i = 1,2,... ,m. 

JTio 6 oii sjieMeHT x G G mojkho e^HHCTBeHHbiM o6pa30M npeflCTaBHTb b BH^e 

X = exp ^ Xij Xij . Ha 6 op aacea {xij} naBOBCM KOopflanaTaMH aaeMenTa x. 

/ 

IIoayHHM B 3 aHMHO o;i,H03HaaHoe OTo 6 pa}KeHHe Meac^y rpynnoft G a apocTpaa- 
CTBOM , rflfi N = Til+n 2 + - ■ ■ + nm — TonoaoraaecKaa pa3MepaocTb rpyaabi 

G. 

Mepa JTe 6 era b Haflya,apyeT GaaaBapaaaTayio Mepy Xaapa b G, koto- 
pyK) Mbi o6o3HaaaM aepea dx. 

06o3HaaaM Xi = {xii,Xi 2 ,... jXim), i = 1,2, ...,m. OnpefleaaM pacTa- 
aceaaa S\x, A > 0 , no cjjopMyae S\x = {Xxi, X^X 2 , ■. ■, X^Xm)- Taxace ameeM 
d{S\x) = X^dx, rfle <3 = X] — o^nopo^naa pa 3 MepaocTb rpyaabi G. 

i 

IlycTb F{x,^) — neoTpapaTeabnaa (JiyaKpaa, onpepeaeanaa npa x G G, 

^ G HTx, KOTopaa raapKO aaBacaT ot x a ^ a npepcTaaaaeT coGoii (JiaacaepoBy 
MCTpaKy aa KaacpoM caoe HTx, to ecTb: 

1) ^aa aio 6 oro a > 0 Bbiaoaaeao F{x,a^) = aF{x,^) a F{x,^) > 0 npa 

^ 0, X G G; 

2) ^aa aio 6 bix x G G, ^,7] G HTx (JiyaKpaa V^F^{x, C) noaojKaTcabno 
onpepeaeaa, rpe 

= 2 = 1 ) 2 ,..., m. 

OapepeaaM aa KOxacaTeabaoM paccaoenaa HT* (JiyaKpaio H{x,uj), rpe 
X G G, to G HT* KaK cynpcMyM Beaaaaa a;(^) no bcbm ^ G HTx, yflOBae- 
TBopaioipaM ycaoBaio F{x,^) < 1. B paabneaaieM 6 ypeM oxoacpecTBaaTb uj c 
BCKTopoM, aMeroipeM Kooppnaaxbi paijxliepeapnaabaoa (JiopMbi oj b Gasace oji, 
pBOBCXBennbiM k Gaaacy Xu, to ecxb uJi{Xij) = Sij paa i,j = 1,2,..., rii. 

Kpanyio 7 : (a, 6 ) —> G aaaoBeM ropaBoaxaabaoa, ecaa paa noaxa Bcex 
t G (a, b) 'j{t) G xaKoii KpaBoa onpepeaaM Kax anxerpaa ^( 7 ) = 

b 

f F{'y{t),'j{t))dt. Ecaa paaaa xoneaaa, xo xpasyio aaBOBCM cnpaMaaeMoa. 

a 

Ha rpyane G oapepeaaM opnopopnyio nopMy | • |, ypoBaexBopaiomyio ycao- 
BaaM: paa aioGoro x € G |x| > 0 a |x| = 0 xoabxo npa x = 0; |x“^| = |x|, 
|(5 ax| = A|x|. OapepeaaM map c peaxpoM b xoaxe x G G papayca r > 0 cae- 
pyioipaM o6pa30M: B{x,r) = {y G G : |x“^?/| < r}. SaiviexaM, hto ob aaaaex- 
ca aesbiM cpaaroM mapa B{0,r), xoTopaia b cbok) oaepepb aBaaexca o6pa30M 
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eflHHHHHoro mapa B{0, 1 ) npn pacTHJKeHHH Sr- HsBecTHO [ 14 ], hto cyipecTByeT 
KOHCTaHTa C TaKaa, hto j^nsi jiio 6 bix x,y G G 


\xy\ - |a;|| < C\y\ npn \y\ < 


( 1 ) 


Mepy dx HopMnpyeM Tax, htoGbi |i?( 0 , 1 )| = f dx = 1 . oneBHflHO, hto 


B(0,1) 

|-B( 0 , r)| = . IIocpeflCTBOM nenpepBiBHOH nojiojKHTejiBHoii b G (JjyHKpHH g(x) 

onpeflejiHM sjieMenT oGteMa da = g{x)dx. 

PaccToanne dc{x, y) MejKyiy flByMs TOHKaMH x,y G G onpe,zi,ejiHM KaK hh 4 )h- 

MyM flJIHH KpHBbIX, COeflHHHIOII],HX X VL y. 

IlycTb D — oGjiacTb b G h G D — saMKHyTbie HenepeceKaiomHecH 

MHoacecTBa. TpofiKy MHOJKecTB (Eq, Ei, D) naaoBeM KonflencaTopoM. 

ByfleM roBopHTb, hto KpHBaa j : (a, b) ^ D coeflHHHCT MHOJKecTBa Eq h 
El, ecjiH liminf ci(7(i), i?o) = liminf c?(7(t), i<^i) = 0 , r^e d{x,y) = |a;“^y| fljin 

t^a t^b 

x,y G G. CcMeiicTBO Bcex Taxnx jiOKajibHO cnpHMjiaeMbix kphbbix oGoanaHHM 
nepea T{Eo, Ei, D). 

PaccTOHHHH d VI dc SKBHBajieHTHbi Apyr flpyry, a Tonojicrna, nopojKfleHnaa 
paccToanneM d, SKBHBajieHTHa eBKjiHflOBOit [ 4 ]. 

HeoTpapaTCJiBHyio HHCJiOByio 6opejieBCKyio (jDyHKpHio na D HaaoBCM flony- 

CTHMOfl: fljiH HeKOToporo ceMeficTBa P kphbbix, pacnojiojKeHHbix b D, ecjiH fljia 

b 

J11060H 7 G r / pE{x,dx) = f p('y(t))E(-j(t),j(t))dt > 1 , r7,e j(t) — napaMCT- 

7 a 

pHsapHH 7 nocpe7,CTBOM napaMeipa t € (a,b). MnosKecTBO Bcex flonycTHMbix 
(JjyHKpHH 7,jia r o6o3HaHHM aepea admP. 

IlycTb p > 1 . Onpe7,ejiHM p-MOflyjiB KonflencaTopa {Eq, Ei, D) cae7,yioiii;HM 
odpasoM: 


Mp^f{Eo,Ei,D) = inf 


da, 


D 


rp,e HHcJiHMyM GepeTca no bcbm p G admr(ifo, ifi,-D). 

OyHKpnio u :£)—>■ K naaoBeM jiOKajibno jiHnninpeBOH b D, ecjin fljia jiioGoro 
KOMnaKTHoro no 7 ,MHO}KecTBa D' G D cymecTByeT KoncTanTa L Tanaa, hto 7 ,jih 
jiiodbix x,y G D' u{x) — u{y) < Ldc{x,y). Onpe 7 ,ejiHM Kaacc LpF{D) Kan 
saMbiKanHe Kaacca jiOKajiBno jiHnninpeBBix b D cjaynKpHH no nopme 


i/p 




(D) 


H{x, XuY da 


rfle Xu = {Xiiu,Xi 2 U, ... — ropnaoHTajibnbiH rpa^nenT (JiynKpan u, 

KOTopbiH HMeeT CMbica b CHjiy TCopeMbi PaflCMaxepa 7,jia rpynn Kapno (cm. 
[ 18 ]). 

OdosnaaHM aepea Adm(ii'o, Ei, D) MnoacecTBO HeoTpnpaTejibHbix (JiynKpHii 
H 3 Lp p{D)GC{D), paBHbix nyjiio (eflHHHpe) b hckotopoh okpccthocth Eq {Ei). 
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Onpe^ejiHM p-eMKOCTb KOH;i,eHcaTopa: 

Cp^f{Eo,Ex,D) =ini j H{x,Xuyda, 

D 

rfle HH4)HMyM GepeTca no bcom (^yHKpnnM u G Adm(i?o, Ei, D). 

JleMMa 1. HncfjuMyM e onpedejienuu Mp^piEo, Ei, D) mookho dpamb no nenpe- 
puenuM e D \ (Eq U Ei) donycmuMUM (fiyuKyusiM. 

/l^oKaaaTejibCTBO. 

IlycTb 0 < £ < 1/2, Dk, k = 1,2,... — OTKpbiTbie MHOSKecTna, o6pa- 
syromne ncnepnanne nanyipn MHOJKOCTsa D \ (Eq D Ei), T.e. Dk C Dk+i, 

OO 

y Hfe = D \ (Eq U Ei);dk = d{dDi„, dDi^Fi), k > 1. Hojiojkhm e^HHO- 

fc=i 

o6pa3HH paccyjKflenHH d-i = do = oo, Dq = 0. 

KajKfloro k > 1 noKpocM KOMnaKTHoe mhojkoctbo Dk \Dk-i KonenHBiM 
nncjiOM niapoB B{xi,ri), r^e Xi G Dk \ Dk-i, Xi < min((ifc_ 2 , (ifc)/2. IIojiyHHM 
jiOKajiBHO Konennoe noKpbiTne oGjiacTH D \ (Eq D Ei) mapaMn B(xi,ri), i > 1, 
jiesKan^HMH b D \ {Eq U Ei). SaMCTHM, hto noKpbiTne mapaMn c tomh jko pen- 
TpaMH n BflBoe dojibmnMn papnycaMn B{xi,2ri) odjiapacT tom jko cbohctbom. 
/I^onojiHHTejibno mo>kho cnniaTB hto Bce r* < 1/2. 

IlycTb {hi{x)} — paaGnenne epnnnpBi na H \ {Eq U Ai), nopnnnennoe no- 
KpbiTnio {B(xi,ri)}. 

Bo3bMeM ponycTHMyio cjDynKpnio p pjia r(i?o, Ei, D) Tanyio, hto 


J da < Mp^p{Eo,Ei,D) e. 


D 


IlycTb p{z) — GecKonenno pH(|) 4 )epenn,npyeMaa neoTpnpaTejibnaH b G (|)yHKpHH 
c nocHTCJiCM B B{0, 1 ) c ycjiOBneM f (p(z) dz = 1 . 

G 

OGoanannM pi = hip, pt{x) = t~^p{5i/tx), Pi = J pi{y)(pt{xy~^)dy. /^jih 

G 

KajKporo i > 1 nopGepeM napaMeip 0 < < £ Tan, htoGbi npn t < ti 

\\pi — Pi lip,F < 2 “*£^/^, rpe nopMa GepcTca b npocTpancTBe Lp^F{D), ||p||p,F = 
/ \ i/p 

If p^ da j (cm. [14, yTB. 1.20], c aaMenon jicbbix cpBnroB na npasbie n naoGo- 

POt). TaKJKC noTpeGycM, htoGbi zB{xi, Xi) C B{xi, 2xi) pjia jnoGoro z c \z\ < U. 
3to mo>kho cpejiaTB b cnjiy nepaBencTBa (1). 

OyHKpna logF(x,^) paBHOMcpno nenpepBiBna na KOMnaKTC {(a;,^ : x G 
B{xi,2xi),l/2 < F{x,^) < 3/2}, to cctb cyn],ecTByeT d > 0 Tano e, hto np n 
|z| < S, 1^' — ^"1 < 5 n pjiH jiioGoro x G B{xi, 2xi) xanoro, nxo zx G B{xi,2xi), 


E{zx,i') 

E{x,i") 


>{l + e)-\ 


( 2 ) 


SpecB paccMaxpHBaeM nan bcktopbi b Gaance Xu, i = 1, 2,..., ni c 

eBKjinpoBOH HopMOH. /}ajiee CHnxaeM, hto U < S. 
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OyHKLi,HH p = ^Pi aBjiaeTca GecKoneaHO flH4)4)epeHn,HpyeMOH b D \ {Eq U 
El) H 


J f^da<Mj,^FiEo,Ei,D) + 2e, (3) 

D 

ecjiH nojioJKHTb p = 0 na, Eq U El. 

^ajiee mbi noKaaceM, hto 4 )yHKn,HH (1 + e)p HBjiaeTca flonycTHMOfl: ppisi 
T{Eo,Ei,D). 

Ecjm 7 € r(i?o, Ei,D), to 

1< J pF{x,dx) = J 'Y^piF{x,dx) j piF{x,dx). ( 4 ) 

7 7 * * -ynBixiFi) 

IIpeoGpaayeM anxerpaa ox (^ynKpaa p no 7 : 


J pF{x,dx) = J Y^PiF{x,dx) = J J pi{y ^x)pti{y) dy F{x,dx) = 

7 7 * 7 * G 

= JJ Pi{{6tiZ)~^x)p{z)dzF{x,dx) J p{z)dz J pi{{StiZ)~^x) F{x, dx) 


7 * G 


B(0,1) 


■yr\B{xi,2ri 


= J p{z)dz^ J PiUStiZ) ^x)F{x,dx). (5) 

B(o,i) * '/nBixiPn) 


IlycTB 2: G _B( 0 , 1 ). ^aa aioGoro i = 1 , 2 ,... paccMOxpnM p,yry 7' h3 mho- 
jKecxBa 7 n B{xi, 2ri). OGosnaanM 7' = (dtiZ)~^ ■ 7'. 3xa Kpaaaa 6 y 7 ,ex ropa- 
soHxaabHoa Bcaeflcxsae aeBOHHBapaaHXHOCTa Xij, j = 1 , 2 , ..., ni. CoeflnnnM 
cooxBexcxByK)nj,He rpaHanabie xohkh 7' a 7' 7 ,ByMa ropnaoHxaaBHbiMH kphbbi- 
Ma, aejKaa],HMH b B{xi,2ri) \ B{xi,ri). SaMeaaM 7' aa o6x>eflHHeaHe 7' c oxh- 
Ma ropHSOHxaabHbiMH kphbbimh. B peayabxaxe Bcex oxhx HSMeneaHH noayanM 
Kpasyio %, Koxopaa xaKJKe 6 y 7 ,ex flonycxaMon flaa r(ii^ 0 : Ei, D). 

JXanee HMeeM, ^eaaa saMeny y = {6tiZ)~^x a aapaMexpaaya Kpasyio 7 no- 
cpep,cxBOM (|)HncaepoBOH p,aaabi pyra (ecaa Kpanaa ae capaMaaeMa, to oxcaa- 
xbiBacM 7,aHny flyrn ox KaKon-anGo xoaKa KpaBoa c cooxBexcTByioai,aM 3 na- 
kom): 


J Ptii^uz) ^x)F{x,dx)>{l + e) ^ J p^{y)F{y,dy) 

■yr\B{xi,2ri) ^zB\B{xi,ri) 

B cnay (2). no7,cxaBaaa b (5) a acnoab 3 ya (4), aoayaaM, axo f pF(x,dx) > 

7 

(1 + £)“^, TO ecxb (1 + e)p G admr(£^o, Ei,D). 

B caay npoHBBoabaocxH e h nepaBencxBa (3) aoMMa flOKaaaaa. 
Caepyioai,BB peayabxax Gbia ycxanoBaea b i?" B. A. UlabiKOM b [9] a M 07 ,a- 
(|)aa,HpoBan b paGoxe [11]. 
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Onpe^ejiHM CHCTeMy saMKHyTbix MHOJKecTB Eij, j > 0, i = 0,1, TaKHx, hto 

OO 

Eij C intEij^i npn j >1, Ei= f] Eij, Eqo H Eiq = 0. 

j=0 

JleMMa 2. Ilycmt) p € Lp^p(D) — noAocucumeji'bHa^ HenpepuenaM e D \ (Eq U 
El) cfjyHKyuM. /(asi a'H)6ozo e > 0 cymecmeyem ^yuKyuM p', p' > p e D maKan, 
Htno 

1. f p'P da < f pP da + e, 

D D 


2. UpednoAooHzuM, umo Bam Kaotcdozo j > 0 cyiyecmeyem npuean 7 j G 
T{EDj,Eij,D) maKGA, umo 

f p' F(x, dx) < a. Tozda cymecmeyem KpueaA 7 € T{Eq, Ei, D) maKan, 

I 3 

umo f p F{x, dx) < a + e. 

7 

/l^oKaaaTe jibCTBO. 

IlycTbi?^ = EojUEij, Wj = E^~^\mt E\ dj = min{dc{dEoj,dEoj-i),dc{dEij-i,dEij)) > 
0. Tax Kax (^yaxpaa p nojioJxaTejiaaa b D \ (Eq U Ei), Mojxao aaiiTH aocjiepo- 
aaTejiaaocTb Sj 0 npa j —> 00 Taxyro, hto 

00 

^( 1 < £, ( 6 ) 

i=i 

aSj < dj inf p. (7) 

w^nD 


OGpasycM aocjiepoBaTejibaocTb xoMnaxTBBix MaojxecTB Dj Taxyio, hto Dj C 

00 

intDjpi, Dj = D B f pPdaKEj. 

3 = 1 D\Dj 

IlycTB Vj = {D\ Dj) n Wj. IIojioJXHM 


p'ix) = 


(1 + ^)pix), 

P{x), 


X GVj] 

00 

U 

i=i 


nOKa^KCM, HTO 4)yHKII,HH p' yZ^OBJICTBOpHCT yCJIOBHHM JieMMBI. HcnojiBsyH (6), 
HMecM: 


/OO p p 

p'P da = ({1 + ej^)py da + / ff da < 

D ^ = '^Vi . p° 


J =1 


OO p p 

< y](l +eJ^)P / pP da + / pP da < 

J = 1 Vj D 

OO p p 

< y](l + + J pP da < J pPda + e. 


D D 
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Tekhm o6pa30M, ycjiosHe 1 BbinojiHeno. IIoKajKeM, hto BbinojinaeTCH ycjiOBne 
2. 3 a(| 3 HKCHpyeM j > 1. KpHBaa 7 ^ € T{EQj, Eij, D) npn k > j, cjieflOBaTejiBHO, 
ona coflepjKHT flse Ayrn: 7 ^, coeflHHHiomyio dE^j c dE^j-i, h 7 ^', coeflHHHio- 
myio dEij-i c dEij. ^yrn 7 ^ h 7 ^' ne co^epsKaTca b ^eiiCTBHTejiBHO, ecjin 
6bi BbinojiHHjiocb o 6 paTHoe, to c noMOipbio HepaBencTBa (7) BbiBO^HM, hto 

a > y p' F{x,dx) > J p'E{x,dx) > sj^ J p E{x,dx) > eJ^dj ^ni^p > a, 

~l'k Tfc 

H anajiorHHHO c 7 ^'. IIojiyHHjiH npoTHBopenne. SnaanT, 

7 fc n {Dj n {Eij^i \ int Eij)) 0, i = 0,1, k> j. 

OGosHaaHM 7 ^ = 7ofc. npHBeyi,eM ajiropHTM, no3BOjiHioii],HH h 3 HeKOxopoft no- 
cjieyi,OBaTejibHOCTH KpnBbix 7j-i,fc H3BjieHb noflnocjieflOBaxejibHOCxb 7 ^^. 

SaMOTHM, HTO MHoacecTBO Dj n {Eij-i \iiit Eij) aBjinexca KOMnaKxoM. Cjie- 
;i,OBaTejibHO, H3 nocjieyi,OBaTejibHOCTH 7 j-i,fc mojkho BbiflCJiHXb noflnocjieflOBa- 
xejibHOCTb (KOTopyK) CHOBa o6o3HaHHM 7 j_i fc), cxoflaipyiocH k HeKOxopoii Kpn- 
Boii 7 o, fljia Koxopoii MHoacecTBO M = 70 H {Dj n (i?oj-i \ int E^j)) ^ 0. Bo3b- 
MOM KaKyio-jiH 6 o xoaKy xoj G M. Tax kek p nenpepbiBHa b Toaxe xoj, mojxho 
B bi 6 paTb map B{xoj,r{xoj)) xaxoii, axo fljia jiio6oh reofle 3 HaecxoH jihhhh I, 
coeyi,HHaioii],yio penxp mapa h ero rpanHuy, BbinojiHeno ycaoBae 

J pF{x,dx) < ( 8 ) 

i 

OxGpacbiBaa necxojibxo nepBbix ajienoB nocjieflOBaxejibHOCXH 7 j_i fc, mojxho 
caHxaxb, axo jiio 6 aa xpnaaa axon noflnocjieflOBaxejiBHOCXH nepecexaex map 
B{xoj, r{xoj))- TaxHM ace o6pa30M paccMOxpHM MHOJxecxBO Eij), 

xoaxy xij h 3 axoro MHOJxecxBa, map B{xij,r{xij)), y 7 ,OBaexBopaiom,HH ycjio- 
BHK), anaaorHaHOMy ( 8 ); Tax jxe h 3 7y-i,fc BbiflcanM noyi,nocaeyi,OBaxeabHOCTb, 
Bce aaenbi xoxopon nepecexaiox axox map. IIoayaeHHaa no 7 ,nocae 7 ,OBaTeab- 
HOCTb H 6 yyi,eT hcxomoh nocaeyi,OBaTeabH 0 cxbio 7 ^^. 

npoB 07 ,HM HaaojxeHHoe nocTpoenne nocaeflOBaxeabHO 7 ,aa j = 1,2,.... Pac- 
CMOxpHM flHaroHaabHyx) nocaeflOBaxeabHOCxb 'jkk- 

KpHBaa 7 fcfc nepecexaex mapbi B{xij,r{xij)), i = 0,1, flaa 1 < j < A: 
ne Menee aeM b flByx xoaxax. CoeflHHHM flBe xoaxH nepeceaenna c peaxpoM 
cooTBeTCTByiom,ero mapa reopeanaecxHMH aHnnaMH. IIoayaHM xpHByx) 7 ^ G 
T{Eok, Elk, D), npoxopam,yK) aepea xoaxH xoj, xij, j = 1,2, ...,k. JXjir axoii 
xpHBOH HMeeM, Hcnoabaya ycaoBne ( 8 ): 


fpF{x,dx)< f pE{x,dx) + 2^-^ <a+^. 

- 7=1 ^ 

7fc Ikk ■' 

Ilycxb Pq — ceMeficTBO ropHaonxaabHbix xpHBbix, coepHHaiom,Hx xqo h a^io n 
D \ {Eq U El), Tij — ceMeitcxBO ropHaonxaabHbix xpHBbix b H \ {Eq U 
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coeflHHaiomHx Xij h Xij+i, i = 0 , 1 , j = 1 , 2 ,.... Tor^a 


/ k n k n n 

pF{x,dx)+} inf / pF{x,dx)+} inf / pF{x,dx)< / pF{x,dx)<a+ 
^ 7 ero 3 J ^ 76 ri 3 J J 

7 -^ 7 

3 to sepno ^jih jiio6oro k, cjieflOBaTejibno, 

f r r ^ 

inf / pF(x,(ix)+> inf / pF{x,dx)+y inf / dx) < a +-. 

76 ro 7 '^ 76 rij 7 4 


i=i 


j=i 


-y J J "Y 

BbiGepeM KpHBbie Cq G Fg h ( 7 ^ G Fy, z = 0 , 1 , j = 1 , 2 ,... Tax, htoGbi 


/ pF{x,dx) < inf / pF(x,dx) + —, 
l&ToJ 2 

:7o 7 

/ pF{x,dx)< inf / pF{x,dx) + 

76ry J 


2 f+3 ■ 


Cij 7 

IlycTb 7 =-h Coi + Co + Cii +-Tor7,a 7 G F(£;o, Ei,D) n 


/ OU 

pF{x,dx) <a+T + |+ 2 ^T^ =« + £. 

1=1 ^ 

7 

JleMMa 7 ,OKa 3 aHa. 

^OKajKeM Tenepb ocHOBnyio TeopeMy. 

TeopeMa 1. Ilycm'b D — odAacrri'b e G; Eg, Ei — HenepeceKamupuecM neny- 
cmue KOMnaKmu U 3 D. Tozda 


Mp^p{T{Eg,Ei,D)) = Cp,F{Eg,Ei,D). 
^OKaaaTejibCTBO. Cnanajia flOKajKeM nepaBencTBO 


Mp^F{T{Eg,Ei,D)) < Cp,FiEo,Ei,D). ( 9 ) 

riycTB u G Adni(i?o, Cl, D), Fg — noflceMencTBO jiOKajiBHO cnpHMjiaeMbix ro- 
pnaoHTajiBHBix kphbbix 7 h3 F(Cg,Ci,_D) TaKHx, nTO u aGcojiiOTHO nenpe- 
pbiBHa na jiio6oh cnpaMjiaeMOH aaMKHyTon nacTH 7. Onpe7,ejiHM (JzyHKpnio 
p{x) = F[{x,Xu) na D. 

IlycTb 7 G Fg H 7 : (a, &) —>■ C. Ecjih a < ti < t2 < b, to nojiynnM: 


^2 

/* /* 

t2 

p 

/ pF{x,dx)> / F[{x, Xu{j{t)))E{x,'y{t))dt > 

J {Xu{-i{t)),^{t))dt 

7 ti 

tl 
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|u(7(i2))-u(7(ti))|. 



BcjieflCTBHe nponsBOJiBHOCTH ti h t2 nojiyHHM, hto f pF(x,dx) > 1. TaKHM 

7 

o6pa30M, p G adniFo. 

C jieflOBaTejiBHO, 


Mp^jp(ro) < J p^ da = J H{x,Xu) da. 

D D 

y^HTBiBaa, HTO Mp^piJ'o) = Mp^pi^iEo, El, D)) (cm. [15] h [17]), nepexofla k 
HH(|)HM yMy no u, nojiynnM nepaBCHCTBO (9). 

^HoKajKeM npoTHBonojioJKHoe nepaBCHCTBO 

MpXriEo,Ei,D)) > Cp,f{Eo,Ei,D) (10) 

B cjiynae {Eo\JEi)ridD = 0. HycTt p G admr(£^ 0 ) Ei, D) — nenpepbiBHaa b D\ 
(F^oU7?i) (JjyHKpna. OnpcflejiHM B £) 4)yHKu,Hio m(x) = min(l, inf f pF(x,dx)), 

/3x 

rfle HH(|)HMyM depcTca no bccm jiOKajiBHO cnpHMjiaeMbiM ropnaoHTajiBHBiM Kpn- 
BblM /3x, COeflHHHIOU],HM Eq II X B HanpaBJieHHH TOHKH X. IIOKaaceM, HTO u G 
Adm(i?0j El, D) n F[{x, Xu) < p nonin Be3,zi,e b D. Ecjih u = 1 , to sto onesHfl- 

HO. 

B cjiynae u ^ 1 nycxb ax^x^ — KpaTnanmaa KpnBaa, coeflHHHiomaH xi n X 2 
B HanpaBJieHHH tohkh X2 , r^e tohkh xi h X2 BbidpaHBi floCTaxonHO 6 jih3ko Apyr 
OT flpyra. IfycTb jdxi — cnpaMiiaeMaa KpHBaa, coe/i,HHHiOH],aH xi b Eq. Tor^a 


u{x 2 ) < / pF{x,dx)+ / pF{x,dx) < / pF{x,dx)+ max p{x)dc{xi, X 2 ). 
J J J X<£axiX2 

Pxi 

3^ecb dc H3MepHeTCH ot xi flo X 2 . Tan Kan /3xi npoH3BOjHjHO, to 
u{x 2 )<u{xi)+ max p{x)dc{xi,X 2 ). 

X ^ Ctx X ‘2 


HcnojiB3yH paccyjK,zi,eHHH, anajiorHHHBie npHBe,zi,eHBiM b [18], yde^HMca b cyipe- 
CTBOBanHH npoH3BOflHbix XijU, j = 1,2,... ,ni hohth BCio^y b D. IlycTb xi 
THKaa TOHKa, h nycTb flana rjia^Kaa KpHBaa, npoxoflamaa Hepe3 Xi b HanpaB¬ 
JieHHH BBKTopa ycTpeMjiaa X2 k xi no stoh KpHBoii, nojiynHM: 


Xu{xi){^) < p{xi)F{xi,C)- 

no.ii,ejiHB Ha E{xi, h b3hb cynpeMyM no bcom nojiynHM, hto F[{xi, Xu(xi)) < 
p(xi). SnanKT, 


Cp^FiEo,Ei,D) < J F[{x,Xu)^ da < J p^ da. 


D 


D 


Ilepexofla k HH(|)HMyMy no p, nojiynHM nepaBencTBO (10) b cjiynae dD n (Eq U 
El ) =0. HosTOMy TeopeMa b stom caynae .ii,OKa3aHa. 
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PaccMOTpHM oGmHH cjiyHafi dD n (i?o U i?i) ^ 0. IlycTb 0 < e < 1/2. 
PaccMOTpHM nenpepbiBHyio na H \ (i?o U Ei) .ii,onycTHMyio r(£^0 7 ^i)^) 
(J)yHKLi,Hio p TaKyro, hto 

J pP da < e + Mp^f{Eo,Ei,D). 

D\{EoUEi} 

MojKeM CHHTaTb, HTO p > 0 Ha H \ {Eq U Ei), Hnane BOSHMeM bmccto nee 
(J)yHKLi,Hio max(p(a;),/i(a;)), r^e h{x) >0 — HenpepBiBHaa na G 4)yHKn,Ha: co 
CKOjib yrop,HO MajibiM HHTcrpajiOM f da. 

D 

IlycTb p', Eqj, Eij TaKHe sKe, KaK b jicmmc 2. IIoKajKeM, hto 

J p' E{x, dx) > 1 — 2£ 

7 

fljin Bcex 7 € T(EQj, Eij, D) npn p,0CTaT0HH0 6ojibniHx j. 

/^eficTBHTejibHO, ecjiH sto ne Tax, to nafiflyTCH jk h 7^ G T{Eoj^,, Eij,,, D) Ta¬ 
KHe, HTO f p' F{x, dx) < 1 — 2£. Ho jieMMe 2 HaitflCTCH KpHsaa 7 G r(£^ 0 ) Ei, D) 

Ik 

TaKaa, HTO f p F(x, dx) < 1 — £, HTO npOTHBOpCHHT flOnyCTHMOCTH 4)yHKH,HH p. 

7 

Onpep,ejiHM (JjyHKpHio 

p{x) = I ^ ^ ^ \ ^ 

[ 0 , X ^ D \ {Eoj U Eij). 

Ona npHHap,jie}KHT admr(£^0 7 Ei, DUEojUEij). IIoaTOMy, b CHjiy 7,OKa3aHHoro 
nacTHoro cjiynaa, 


Cp^f{Eo,Ei,D) < Cp,FiEo, El, DUEojUEij) = Mp^FiEo, Ei, DUEojUEij) < 

< J pPda <{Mp^FiEo,Ei,D) + 2 e){l- 2 e)-P. 

D 

YcTpeMjiHH £: — )■ 0, nojiynHM HepaBencTBO (10), a cjie;i,OBaTejiBHO, h yxBep- 
xeopeMbi. 

SaMenanue 2. Hs jieMMBi 2 cjie/iyex nenpepBiBHOCxb MO/iyjiH, xo ecxb 
lim Mp^F{Eoj,Eij,D) = Mp^piEo, Ei, D). 

j^QO 
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